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Restricted Diffusion in Binary Solutions

Diffusion coefficients of binary solutions can be measured accurately by

observation at long times of isothermal diffusion in a vertical cell closed
at the ends (restricted diffusion). The present analysis, which accounts for
the effects of solvent flux and variable solution properties, demonstrates
that the experiment yields a well-defined, differential diffusion coefficient,

even in concentrated solutions.

Observation is effected by Rayleigh interference optics, and results for
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aqueous potassium chloride solutions confirm the accuracy of the method.

SCOPE

Accurate values of diffusion coefficients of binary mix-
tures, including their dependence on composition and
temperature, are required to provide complete transport-
property data (somewhat analogous to thermodynamic
data like activity coefficients), to permit quantitative de-
sign of separation processes like distillation and electro-
chemical deposition, and to permit detailed comparison
with theoretical results. Among theoretical results we have
in mind, on the one hand, the treatment of simple systems
where variable physical properties have been included in
the analysis and, on the other hand, the theoretical pre-
diction or correlation of transport properties on a molecu-
lar basis such as the Debye-Hiickel theory.

For binary solutions of electrolytes, three methods are
used to measure the diffusion coefficient: the magnetically
stirred diaphragm cell, optical observation of diffusion
from an initially sharp boundary, and (restricted) diffusion
in a box of finite height with observation of the concentra-

tion distribution by measurement of the electrical conduc-
tivity at two positions in the box. The last method, devel-
oped by Harned beginning in 1949, appeals to the intui-
tion because the maximum concentration difference in the
system vanishes as the experiment progresses, and an
absolute determination of the diffusion coefficient requires
only the height of the box.

One question we raise is just what diffusion coefficient
is measured and is this complicated by the reference veloc-
ity for the diffusion flux, the precise definition of transport
properties for concentrated solutions, or the variation of
physical properties with composition?

Harned’s method is restricted to very dilute solutions of
electrolytes because adequate resistance measurement with
solutions of higher conductivity requires larger cell di-
mensions where free convection becomes a problem. The
second question is how can the method be extended to
concentrated solutions?

CONCLUSIONS AND SIGNIFICANCE

An analysis of the restricted diffusion process shows
that the measurement yields the differential diffusion co-
efficient D at the final average concentration. This is the
diffusion coefficient which appears in the flux Equations
(13) (where Q can be set equal to zero) and is related to
the fundamental diffusion coefficient D by Equation (15).
D is equivalent to the binary diffusion coefficient D5 used

T. W, Chapman is with the Department of Chemical Engineering,
University of Wisconsin, Madison, Wisconsin 53706.
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by Bird, Stewart, and Lightfoot.

The analysis with variable physical properties gives a
new form, different from previous results, for the correc-
tion to the dominant behavior of the cell. This permits
quantitative determination of the time after which this
perturbation would become negligible. The detailed anal-
ysis also permits one to estimate how much the height
of the liquid column changes during the course of the
experiment due to volume changes on mixing (or diffusion).
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This relates to the uncertainty in the value to be used for
the height of the box in the determination of the diffusion
coefficient.

To overcome the restriction to dilute electrolytic solu-
tions, apparatus was procured and adapted for observing
the concentration profile by Rayleigh interference optics.
The refractive index varies enough with composition for
most liquid solutions to permit measurement with a con-
veniently sized cell. Solutions of nonelectrolytes are also

subject to measurement, with some accuracy being lost at
high dilutions or for solutes with low solubility.

The accuracy of this system is 0.1 to 0.2, on the basis
of the internal consistency and the reproducibility of the
data and also from comparison with results of free diffu-
sion from an initially sharp boundary. The system is thus
capable of providing accurate data for a variety of binary
systems of chemical-engineering importance over a range
of composition and temperature.

A number of years ago, Onsager (see Harned and
French, 1945) devised an ingenious technique for mea-
suring quite accurately the diffusion coefficients of electro-
Iytes in solution at concentrations as low as 10~ molar.
In the following decade, Harned and co-workers reported
results for many electrolytes. The great significance of
this work was that the experimental results for many sys-
tems verified, for the first time, the theoretical Nernst
(1888) limiting value of the diffusion coefficient at infinite
dilution and permitted comparison with the theoretical
concentration dependence at high dilutions.

The essential features of Harned’s method are that it
involves a cell of finite length such that diffusion is of the
restricted type (Longsworth, 1945) and that the decay of
an initial concentration gradient with time is monitored by
a conductivity difference between two points in the cell.
Although the conductivity measurement limits applicability
of the method to dilute solutions, the upper limits of
Harned’s measurements for several systems agree quite
well with the low concentration measurements of the
Gouy optical method as developed by Gosting (1950).
The accuracies of these two methods thus appear to be
comparable and are claimed to be about one- or two-tenths
of a percent. Furthermore, these two absolute methods are
complimentary in their ranges of applicability, and to-
gether they provide the data necessary to calibrate the
third important method for diffusion-coefficient measure-
ment, the diaphragm cell, as refined by Stokes (1950a, b,
1951).

The analyses of these three experimental methods on the
basis of transport relations valid only in the limit of infinite
dilution and with constant physical properties leave un-
answered the question of just what diffusion coefficient is
measured. The strong concentration dependence of physi-
cal properties might show up in dilute solution, and the
nonzero solvent flux might manifest itself in more concen-
trated solutions. A significant concentration difference is al-
ways present in the Gouy free-diffusion measurements and
in the diaphragm-cell measurements. On the other hand,
the concentration difference disappears in restricted diffu-
sion at long times, permitting an unambiguous measure-
ment of the differential diffusion coefficient. Furthermore,
the present analysis provides a quantitative expression of
the distortion of the concentration profile due to these
nonideal effects.

SIMPLIFIED ANALYSIS OF RESTRICTED DIFFUSION

For a dilute, constant-property solution, Fick’s second
law in one dimension takes the form

ac d%c
ot ay?

and its solution for an enclosed column of height a is a
Fourier series (Harned and French, 1945):
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where D is the diffusion coefficient, y is the distance from
the bottom of the cell, ¢ is time, and ¢ is the uniform
solute concentration at infinite time. The coefficients A,
depend upon the inijtial distribution of solute in the cell.

The experimentalists always look at the difference in
concentration between y = a/6 and y = 5a/6. Because
a number of terms cancel or vanish, the expression for this
concentration difference becomes

5 Ditr2
Ac:c(-a-)—c(—(-l—)=2A1exp(— T )cos-7L
6 6 a2 6

Ditn2
i ) cos-%—f-r-+ oo ()

(2)

a

+ 24;5 exp ( — 25 )
Because of the factor 25 in the exponent of the second
term, this series converges very rapidly with time, and
at sufficiently large times a plot of In (Ac) versus time is
linear with a slope of —D#2/a? The same time constant
holds for any property which is linear in concentration.

As the concentration variations get smaller with increas-
ing time, the conductivity of the solution in the cell can
be well approximated as a linear function of the concen-
tration. Harned placed two pairs of electrodes in his cell
1/6 of the distance from each end and thus was able to
determine the diffusion coefficient from the change in the
difference of conductivity between these two locations over
a period of days.

Since Harned’s analysis was based on the dilute-solution
equations with constant properties, the identification of a
well-defined, differential diffusion coefficient rests on the
assumption that the concentration differences during mea-
surement are sufficiently small to justify the constant-
property approximation. It remains to show how generally
a restricted-diffusion experiment yields meaningful results.
A more complete analysis of the problem based on general
concentrated-solution flux equations will elucidate the na-
ture of the diffusion coefficient which is measured in this
type of experiment.

TRANSPORT RELATIONS FOR CONCENTRATED
ELECTROLYTES

A completely consistent description of isothermal diffu-
sion requires the use of a set of flux equations of the type

e (v;j—v9) (4)

Ci V[l.i = RT

2,: crDi;
where u; is the electrochemical potential of species i, and
Dij, the transport coefficients defined by these equations,
are functions of temperature, pressure, and composition
only, being independent of the fluxes and the gradients.
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This equation is analogous to the Stefan-Maxwell equa-
tions for diffusion in mixtures of gases. It may be viewed
as a force balance and by Newton’s third law of motion
Dy = Dj. This particular set of flux equations has been
proposed by Newman et al. (1965) and discussed by New-
man (1967). It is consistent with the principles of irreversi-
ble thermodynamics and is equivalent to flux laws dis-
cussed by Onsager (1945) and others.

Equations of this form may be written for each ionic
species as well as for the solvent, although one of these
equations will be redundant. To apply such equations in
differential material balances for mass-transfer or diffusion
calculations, one must invert them and express the fluxes
in terms of the forces. This inversion requires a choice of
the frame of reference for the fluxes. For example, if the
solvent velocity p ¢ is chosen as the reference velocity, one
obtains for a binary salt solution the flux expressions
(Newman, 1967)

viDer t+0i
Ni=civ: = — \Y =
Ny +0+ SRT o0 cVue + e, + C+901
v v-Der Tpo + t_% + (5)
=t = — c 0
2 WRT o Fe T Fp_ TR
No=covy ,
where
D= Do+Do—(z+ — 2_) (6)
2+Do+ — 2-Do-
is the diffusion coefficient
14 0=1—t 0= 2+ Dot (7)

Z+Do+ -_ Z—Do_
is the cation transference number relative to the solvent
and
Be=vip+ + vop_ (8)

is the chemical potential of the electrolyte.

Transport equations using the molar-average velocity or
the mass-average velocity for the frame of reference are
given by Newman et al. (1965) or by Newman (1967).
In those cases, the mole fraction or the mass fraction be-
comes the natural way to express concentration. In the
present work, we shall illustrate how to use the so-called
“volume-average velocity” (Bird et al., 1960a)

o8 =¢Vovp+ ¢4 Vaivy +¢cV_o_ (9)
For electrolytic solutions we generally avoid using the
volume-average velocity because the partial molar volumes
Vi of individual ionic species are not accessible to experi-
mental determination. Here we require V. and V_ to

yield the partial molar volume of the electrolyte V, ac-
cording to

Ve = 1/+-V+ + V_v_. (10)
In addition, we shall let Q represent the quantity
1.9 — 10
="V, + —7V_ (11)
2+ 2

This quantity cannot be measured independently, and it
can arbitrarily be taken to be zero, in which case

t+ov+-‘_i+ = t_°v_7_ (12)

In other words, the transference numbers of the ions are
assumed to be inversely proportional to their partial molar
volumes. However, this choice is based solely on conve-
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nience, and no physical significance should be attached
to it.

In terms of the volume-average velocity, Equations (5)
become

i (1.0
Niy=—=DVes + = ——0c:Q )+ c+v®

F 2+

i [t.0
N_.=—-DVe_+=(——¢c-Q)+co" (13)
- F \Nz_
l_\_70=—DV00—?100Q+009.’

since
DCTVO Vo
JRT CVHe ¢ 7, Ve (4
where (Newman et al., 1965; Newman, 1967)
dl
D=1o°—T(1+ n”) (15)
co dlnm

For each species in the solution, the conservation law
is (Bird et al., 1960b)
aC{
at =
provided there are no homogeneous reactions. Substitution
of Equations (13) and rearrangement gives three impor-
tant relations for a solution of a binary electrolyte:

vi=0 (17)
v (v'—'ig) —ei-vt+°___ Vc-_vV.,
= F 24viF coVo
(18)
wt+(=-52) (=-22)
— n_ . -V AV o — 2=
at+ ¢ F ot F
i - Vi 0
=V - (DVe) — == (19)
Z+V+F

Equation (17), saying that the divergence of the current
density is zero, is an expression of conservation of charge
in an electrically neutral solution (Newman, 1967). Equa-
tion (18) is an overall conservation equation, expressing
perhaps conservation of volume. Note that the divergence
of the volume-average velocity is not exactly zero, as one
might expect. Equation (19) is a material balance for the
electrolyte and should be compared to equations (28),
(72), (81), and (82) given by Newman (1967). The
volume-average velocity is ambiguous to the extent that
Q is undefined. Equations (18) and (19) show that it
is convenient to set Q equal to zero. When the current
density is zero, one is not concerned at all with Q, and the
anions and cations diffuse together as though they were
a single solute, the electrolyte.

ANALYSIS OF RESTRICTED DIFFUSION IN
CONCENTRATED BINARY SOLUTIONS

The continuity equations have been put into the above
form [Equations (17) to (19)] because it is a particularly
convenient one for the analysis of experimental measure-
ments of diffusion coefficients in binary solutions. The dif-
fusion coeflicient D given by Equation (15) is the quantity
usually measured and reported as the differential diffusion
coefficient. This statement anticipates the result of the fol-
lowing analysis, but it is convenient to simplify the mathe-
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matical expressions and important to emphasize that only
one experimental diffusion coeflicient need be defined, al-
though it can be used in a variety of flux expressions
(Newman, 1967; Bird et al., 1960c). The diffusion coeffi-
cient D, based on a thermodynamic driving force, is con-
venient in the correlation and theoretical interpretation of
transport properties (Newman et al., 1965; Bird et al,
1960d), although its definition does depend on the as-
sumed state of dissociation of the electrolyte (Newman,
1973). In very dilute solutions, these subtle refinements
are irrelevant because © = D at infinite dilution. In more
concentrated solutions, however, one must take care to
identify exactly which coefficient he is measuring.

Micka (1968) has suggested a disagreement with the
relationship 15 between the experimental diffusion coeffi-
cient D and the diffusion coefficient D based on a thermo-
dynamic driving force. However, to us it appears possible
to derive this result from Micka’s equations (3), (14),
(21), (28), and (41) without any assumption about the
value of the transference number.

In the restricted-diffusion process, as it occurs in the
experiments of Harned, no current flows, and Equations
(18) and (19) are to be solved for the decay of a one-
dimensional concentration gradient in a column of solu-
tion of height g, subject to the boundary conditions

ac
- d — =0 at =0 20
v an P at y (20)
(at the bottom of the cell)
-g? =0 at y=ua (21)

(at the free surface). At the bottom of the cell, the fluxes
are all zero, while at the top of the column the fluxes are
supposed to be zero relative to the interface, which may
actually be moving as the volume changes on mixing. To
stipulate further the condition at the top, we can use an
overall mass balance or a balance on the solute:

j; edy = c2a” (22)

The total amount of electrolyte in the column remains
constant. The superscript infinity (=) will be used to
denote quantities evaluated after a long time, when the
concentration will have become uniform in the cell.

One can solve Equations (18) and (19) subject to these
boundary conditions and an arbitrary initial condition by
assuming that the unknown functions can at large times
be represented by perturbation expansion series of the form

c=c® + eV 4+ 2@+ (23)
a=a*+ eV + 2a® + ..., (24)

and
OB = oD 4 20@ 4 (25)

where ¢ is a function of time and goes to zero at infinite
time. Equation (2) is a special case of this form. The co-
efficients ¢®, a¥, and vV should be independent of time
if this scheme is valid; ¢ and v® then depend only on
position y.

For convenience we employ the definition of D given
above to simplify the equations. Furthermore, we account
for the concentration dependence of D formally by ex-
pressing this quantity as its Taylor expansion around the
value at c:

dD
D=D=+4— | (c—c*)
dec | c*
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+1d2D
2

(c—c=)2+ ... (26)
c? | ¢c®

where D* = D(c*). Substitution of Equations (23)
through (26) into Equations (18) and (19) and the
boundary conditions (20) through (22) and equating
terms of like order in e accomplishes a separation of vari-
ables for this problem by yielding a hierarchy of differen-
tial equations with boundary conditions from which e and
all the coefficients ¢, a®, and v® can be determined.
The ability to generate these necessary equations justifies
the assumptions expressed in Equations (23) to (25).
The results of these manipulations can be rather compli-
cated and are laid out by Chapman (1967). The signifi-

cant results are that
€ = g~ D=t(m/a=)? (27)

and that the difference in concentration between points
1/6 of the overall length from each end of the cell, as
previously estimated by Equation (3), is given more com-
pletely by

Ac=c¢ (16—) —c ( 5(; ) = 2A1e~D=t(7/a%)? co5(x/6)

+ Be—8Dttw/amz L (28)

where the coefficient A; depends on the initial condition
and the coefficient B is a complicated function of the
initial condition and concentration derivatives of the physi-
cal properties

W(Vo dzp)” +\_f-31A13[1 d2D

B:Ala——- r— s —
12 N\ M,y dc? 16 D dc?
2(1 dD>2 ;0 4D Vo &
D dc D dc M, dc
C—Vo dzp )2 Vo d3p —VO dzp ]°°
6 ( Rl R PRk A, ATl
+ M() dec? +ee Mo de3 Mo d02
(29)

Furthermore, it was found that ¢/ and v are both zero
and that ¢® is very small,

A2a® (Vo d2p)w

===\, d (30)

so that it is not necessary in practice to recognize the vari-
ation in solution volume.

EXPERIMENTAL SYSTEM

Because a conductimetric method fails with conductivities of
appreciable magnitude, we developed an optical arrangement
for measuring the concentration difference Ac in the cell, using
the Rayleigh interferometer of a commercial electrophoresis ap-
paratus manufactured by Perkin-Elmer Corporation. The glass
diffusion cell shown in Figure 1 had dimensions 79 mm by 9
mm by 2 mm, which were small enough to prevent convection.
The length of the cell was measured accurately, and fine lines
were scribed on the cell face one sixth of the distance from
either end.

Temperature control was to within 0.01°C. The inter-
ferometer served to generate an interference, or fringe, pattern
which plots very precisely the profile of concentration versus
position in the cell. After a boundary was formed and the cell
was closed off at both ends, photographs of the fringe pattern
were taken every few hours for a period of several days. Figures
2 and 3 correspond to times just after forming the boundary
and toward the end of an experiment, respectively. Provided
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that the refractive index is linearly dependent upon concen-
tration, as is normally the case over a marrow concentration
range, the displacement of a fringe is proportional to Ac, and
the measured fringe displacements can be used directly in
Equation (28} to determine the diffusion coefficient from the
time constant of their decay.

As a test for the method, measurements were made on solu-
tions of potassium chloride at 25°C, the system which has
been studied most extensively and is accepted as a standard for
diffusion measurements. It was found that after our experi-
mental techniques were perfected, our values agreed within
0.2% of the literature values, as shown in Figure 4. Further-
more, statistical analyses of the fit of measured fringe displace-
ments with time yielded a standard deviation in the slope
which corresponds to about 0.1 or 0.2% of the diffusion coef-
ficient. Thus, it was concluded that the method is valid and
that our apparatus is capable of measurements comparable in
accuracy to the other modern methods for measuring diffusion
coeflicients.

DISCUSSION AND CONCLUSIONS Fig. 2. Fringe pattern about half an hour after the formation of the
boundary. The fringes cannot yet be distinguished in the boundary.
It is seen in Equation (28) that the second term in the The scribed marks show up os horizontal lines.

complete series for Ac is of order ¢ rather than %, as
indicated by the approximate Fourier series solution in
Equation (3). Although the effect is no longer demon-
strated so dramatically, it is clear that at sufficiently large
times the first term necessarily dominates, and the Harned-
type measurement and calculation of the decay time con-
stant (from the slope of a semilogarithmic plot of Ac versus
time) yield the differential value of the diffusion coefficient
D corresponding to the concentration c¢=.

Thus, consideration of the complete continuity equations
for concentrated, variable-property binary solutions demon-
strates that a restricted diffusion experiment is generally
valid. The method does indeed yield a well-defined, differ-
ential diffusion coefficient even in concentrated solutions

Fig. 3. Fringe pattern toward the end of the run.
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Fig. 4. The diffusion coefficient of potassium chloride in water at
Fig. 1. Optical cell. 25°C and high concentrations.
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provided that an analytical technique suitable for measur-
ing Ac in such solutions is used. Since the analysis of re-
stricted diffusion presented here is more thorough than
any available for free diffusion or the diaphragm cell
method, and since it is equally valid for nonelectrolytic
solutions as for electrolytes, we suggest that more extensive
experimental implementation of the restricted diffusion
method should be considered.

A new optical, restricted-diffusion method has been de-
veloped and has been shown to yield accurate diffusion
coefficients in concentrated solutions. Restricted diffusion
is an absolute method, requiring no calibration. Only the
height a= of the liquid column need be measured with
great accuracy. The initial concentration distribution
within the cell is not critical. Any concentration variations
perpendicular to the long dimension of the cell will decay
very rapidly, leaving only the desired one-dimensional
profile.

Any velocity disturbances generated in the cell by the
boundary formation would be expected to decay expo-
nentially with a time constant depending upon the kine-
matic viscosity rather than the diffusion coefficient. Since
the kinematic viscosity of liquid solutions is about three
orders of magnitude greater than the diffusion coefficient,
any small convective velocities should vanish long before
the concentration profile does.

The nature of restricted diffusion at long times elim-
inates several other potential sources of error. Ac does not
need to be made between points exactly 1/6 of the way
from either end of the cell. The optical system does not
need to be perfect. Distortion from the nonzero gradients
of refractive index and a nonuniform temperature from
the heat of mixing also become higher order effects at
long times. The scale between the cell and the film image
and the scale in the direction of the fringe shifts are also
irrelevant as long as they are constant throughout a run.
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NOTATION

a = height of restricted diffusion cell or of liquid col-
umn, cm

A, = coefficients of series expression for concentration
in restricted diffusion cell

B = constant identified in Equation (29)

c = concentration of binary electrolyte = c.+/vy =
c-/v_, mole/cm3

Ac = concentration difference measured in diffusion cell

¢; = concentration of species 4, mole/cm?

¢y = concentration of solvent

cr = total solution concentration

D = experimental diffusion coefficient of binary elec-
trolyte, cm?/s

D = diffusion coeflicient of electrolyte for thermody-
namic driving force, cm?/s

Dy = diffusion coefficient for binary interactions, cm?/s

F = Faraday’s constant, 96,487 C/equiv

i = current density, amp/cm?

M, = molecular weight of the solvent, g/mole

m = molality of electrolyte, mole/kg

N; = flux of species i, mole/cm2-s

Q = defined in Equation (11)

R = universal gas constant, J/mole-deg

T = absolute temperature, °K
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t = time, s

t® = transference number of species j with respect to

_ the solvent

V. = partial molar volume of electrolyte, cm?/mole

o = partial molar volume of solvent, cm*®/mole

v = velocity of solvent, cm/s

v; = velocity of species i, cm/s

v® = volume average velocity, cm/s

y = position coordinate in diffusion cell, cm

Z; = valence or charge number of species i

v = mean molal activity coefficient

€ = perturbation parameter, see Equation (27)

pi = electrochemical potential of species i, J/mole

#e = chemical potential of salt in binary electrolyte, ]/
mole

v =y 4+ v_

v+, v— = numbers of cations and anjons produced by dis-
sociation of one molecule of electrolyte

P = density of solution, g/cm?

Superscripts

0 indicates values at infinite time, that is, uniform
concentration

(8) identifies coefficients of terms in perturbation ex-
pansion series, Equation (23) and following

Subscripts

0 indicates property of solvent

+, — indicates properties of cations and anions

e indicates properties of electrolyte
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